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Abstract
We compute the anomalous dimension of the single current operator in the case of
single and doubly deformed asymmetric λ-models with a general deformation ma-
trix. Our method uses the underlying geometry of the coupling space, as well as an
auxiliary group interaction, which completely decouples from the asymmetric model
in a specific limit, consistent with the Renormalization Group flow. Our results are
valid to all orders in the deformation parameters and leading order to the levels of
the underlying current algebras. We specialize our general result to several models
of particular interest that have been constructed in the literature and for which these
anomalous dimensions were not known.
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1 Introduction
A few years ago, a new class of CFT deformations has been introduced in [1], describ-
ing interpolations between exact CFTs and non-Abelian T-duals of Principal Chiral
Models or geometric coset models. For a semi-simple, compact Lie group G, the so
called λ-models are naturally constructed by gauging symmetries of integrable mod-
els [1], ending up with an effective action which includes all λ-dependent quantum
corrections
Sλ(g) = Sk(g) +
k
pi
∫
d2σJa+(λ
−1 − DT)−1ab Jb−, (1.1)
where Sk is the WZW action at level k
Sk(g) =
k
2pi
∫
Tr(g−1∂+gg−1∂−g) +
k
12pi
∫
B
Tr(g−1dg)3 , (1.2)
1
and
Ja+ = −iTr(ta∂+gg−1), Ja− = −iTr(tag−1∂−g), Dab = Tr(tagtbg−1). (1.3)
The matrices ta are hermitian generators of g = Lie(G) satisfying the commutation re-
lations [ta, tb] = i fabct
c with real structure constants and are normalized as Tr(tatb) =
δab. Thus, in the adjoint representation the following relation holds facd fbcd = cGδab,
where cG is the eigenvalue of the quadratic Casimir operator in this representation.
The effective theory (1.1) has an additional remarkable duality-type symmetry, involv-
ing the coupling matrix λab, the level k of the Kac-Moody algebra gk and the group
element g ∈ G
λ → λ−1, k→ −k, g→ g−1, (1.4)
which is also reflected to physical quantities. For small values of λab, the linearised
form of the action (1.1) is the (generalized) non-Abelian Thirring model
Sλ(g) = Sk(g) +
k
pi
∫
d2σλab J
a
+ J
b− +O(λ2), (1.5)
corresponding to a WZW model at level k, perturbed by a set of classically marginal,
current bilinear operators. We should note here, that the level k is of topological na-
ture and does not run under the Renormalization Group. The correlation functions
and RG flows for the model (1.5), with a diagonal and isotropic version of deforma-
tion matrix, have been extensively analysed in [2] and [3], while the case for general
coupling matrix and symmetric coset space are presented in [4, 5].
Further generalizations of λ-deformed models followed after the original construc-
tion, including the left-right asymmetric case [6] of the initial model [1], as well as
symmetric [7,8] and asymmetric, double or cyclic deformations [9,10] involving more
interacting WZWmodels with different current algebras.
In what follows we consider the case of the doubly deformed asymmetric model with
a general deformation matrix [10], in order to present a new method to obtain the
anomalous dimension of the single currents without using perturbation theory. For
a diagonal deformation matrix, the usual method to compute the fundamental cur-
rent anomalous dimension is with the use of perturbation theory combined with the
non-perturbative duality-type symmetry [3, 6, 8]. However, for the case of a general
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deformation matrix, the aforementioned method cannot be applied and no other ap-
proach is known in order to obtain an exact result for the single current anomalous
dimension1. The method presented in this work provides a solution to this problem
by only taking advantage of the couplings’ space geometrical data and is based on
a combination of the two methods analysed in [11]. As we will show, the results of
this method can be naturally modified in order to include the effects of target space
diffeomorphisms, when the latter are needed.
The plan of this paper is the following: In Section 2 the essential features of our
method are introduced. In Section 3 we compute the anomalous dimensions of the
composite bilinear operators and employ our method to derive the anomalous di-
mensions of the fundamental currents. In Section 4 we consider the two couplings
case, using a subgroup and a general coset, and compute the anomalous dimensions
for the corresponding single currents. In Section 5 the SU(2) example with diagonal
and fully anisotropic deformation matrix is presented, along with the case of a more
general, non-diagonal λ matrix. Finally, the case of anomalous dimensions with dif-
feomorphisms is analysed in Appendix A.
2 Setting up the frame
Our starting point is the doubly deformed asymmetric case involving two copies of
the semi-simple Lie group G, with different Kac-Moody algebra levels k1, k2, such that
the group elements g1 ∈ Gk1 , g2 ∈ Gk2 . The linearised action of this model is [10]
Sλ1,λ2 = Sk1(g1) + Sk2(g2) +
√
k1k2
pi
∫
d2σ
(
(λ1)abˆ J
a
1+ J
bˆ
2− + (λ2)aˆb J aˆ2+ Jb1−
)
+ . . . , (2.1)
where the hatted indices denote elements of the second copy of the group.
Its all-loop effective form can be found in [10, 12] and is invariant under the general-
ized duality-type symmetry
k1 → −k2, k1 → −k1, λ1 → λ−11 , λ2 → λ−12 , g1 → g−12 , g2 → g−11 (2.2)
1One could proceed by purely using the method developed in Sections 2,3 and 4 of [11]. However,
this procedure would not take into account the contribution arising from diffeomorphisms of the target
space, which in many cases prove to be crucial in order to obtain a consistent theory, given a reduced
form for the matrix λabˆ.
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and the generalized parity transformation
σ → −σ, λi → λTi , k1 → k2, k2 → k2, g1 → g−12 , g2 → g−11 . (2.3)
In the λ2 = 0 limit
2 and by renaming λ1 = λ, (2.1) becomes
Sλ(g1, g2) = Sk1(g1) + Sk2(g2) +
√
k1k2
pi
∫
d2σλabˆ J
a
1+ J
bˆ
2− , (2.4)
which is now exact in the parameter λ [12].
Our goal is to compute the anomalous dimension of J1+ and J2− currents for themodel
described by (2.4). To do so, we add a new interaction term with coupling λ˜ab˜, involv-
ing a third copy Gk3 of the group G, with Kac-Moody currents J3± and consider the
following action
Sλ,λ˜(g1, g2, g3) =
3
∑
i=1
Ski(gi) +
√
k1k2
pi
∫
d2σλabˆ J
a
1+ J
bˆ
2− +
√
k1k3
pi
∫
d2σλ˜ab˜ J
a
1+ J
b˜
3− , (2.5)
where now the tilde indices label the elements of the third group copy. Notice here
that (2.5) again corresponds to an effective action, incorporating all quantum correc-
tions both for λ and λ˜ [13].
We can now compute the anomalous dimension of the two composite operators, along
with the anomalous dimension of the single current operator J1+.
The idea is the following: We can bring the action (2.5) to the form [13]
Sλ,λ˜(g1, g2, g3) =
3
∑
i=1
Ski(gi) +
1
pi
∫
d2σJ A+ ΛABJ B− , (2.6)
where the currents have been rescaled as Jai± → Jai±/
√
ki and J A± = (Ja1±, J aˆ2±, J a˜3±).
Here, the triple index notation A = (a, aˆ, a˜) has been used to denote the indices of the
2As it has been proved in [8–10]and [12] the two flows of (2.1) are decoupled and thus this limit is
valid, with the results for (2.1) corresponding to two copies of the (2.4) ones.
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first, second and third copy of G respectively, and the matrix Λ now is3
ΛAB =

0 λabˆ λ˜ab˜0 0 0
0 0 0

 . (2.7)
For this model we can now compute the anomalous dimension of the two composite
operators J1+ J2− and J1+ J3− by using the couplings’ space geometry. Then, by tak-
ing the limit λ˜ab = 0, J3− decouples from the action and due to having a trivial OPE
with the other operators in it, it does not acquire an anomalous dimension. Thus,
we can find the anomalous dimension of the single current J1+ from the anomalous
dimension of the J1+ J3− composite operator. This can be done consistently, since in
the aforementioned limit which is also consistent with the RG flows, the anomalous
dimension matrix for the bilinear operators proves to be block-diagonal, implying no
mixing between composite operators belonging in different blocks.
Due to (2.3), it is clear that one can obtain the anomalous dimension of J2− from the
one of J1+, by replacing λ with λ
T and exchanging k1 with k2.
However, a more strict way to compute the anomalous dimension of J2−, would be to
modify the previous procedure accordingly. In this case, the auxiliary interaction term
added to (2.4) has to be of the form
√
k1k3
pi λ˜a˜bˆ J
a˜
3+ J
bˆ
2−, such that the anomalous dimen-
sion of J a˜3+ J
bˆ
2− reduces to the one of J2− in the λ˜ab˜ = 0 limit. Therefore, the Λ matrix
will be of the following form
ΛAB =

0 λabˆ 00 0 0
0 λ˜a˜bˆ 0

 . (2.8)
Finally, using the results for the anomalous dimensions of J1+ and J2−, it is easy to
obtain the anomalous dimensions for the single currents entering in the second inter-
action vertex of (2.1), just by replacing the matrix λ1 with λ2 and k1 ↔ k2.
In the symmetric limit k1 = k2, all the aforementioned results reduce to the corre-
sponding ones for the simply deformed λ-model of (1.1) and (1.5).
3The matrix Λ here is not invertible. However this doesn’t affect our results, since no inversion is
needed in the present context.
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3 Anomalous dimensions
In this Section we compute the anomalous dimension for the J1+ current and the final
result is presented in (3.24). The general formula for the anomalous dimensions of
the composite operators that drive the theory away from the CFT point, can be found
from the two point function [3, 14]
〈JA1+ JB2−(x1, x¯1)JC1+ JD2−(x2, x¯2)〉λ,k =
GCD|MN
|x12|4
(
δA
MδB
N + γAB
MN ln
ε2
|x12|2
)
, (3.1)
and reads [15]
γAB
CD = ∇ABβCD +∇CDβAB = ∇ABβCD + GAB|MNGCD|PQ∇PQβMN , (3.2)
where
∇ABβCD = ∂ABβCD + ΓCDAB|MNβMN , ∂ABβCD =
∂βCD
∂ΛAB
, (3.3)
is the covariant derivative defined in the space of couplings of the matrix Λ4. The
Christoffel symbols used in the above expression are the usual ones and are defined
with respect to the Zamolodchikov’s metric GAB|CD of the couplings’ space [15]
GAB|CD =
1
2
g˜ACgBD, g˜AB = (1−ΛΛT)AB, gAB = (1−ΛTΛ)AB,
g˜AB = g˜−1AB, g
AB = g−1AB, GAB|MNG
MN|CD = δACδBD .
(3.4)
By substituting (3.4) and the covariant derivatives inside (3.2), we get the following
simplified formula for the anomalous dimension of the composite operators
γAB
CD = ∂ABβ
CD + g˜CPgDQ
(
g˜AMgBN∂PQβ
MN + βKL∂KL
(
g˜PAgQB
))
. (3.5)
Also, for the β-functions we have
βAB =
dΛAB
d ln µ2
, βAB = GAB|CDβCD , (3.6)
where µ is the energy scale. By taking the levels k1 = k2 = k3 = 1 and then restoring
them through a redefinition of the structure constants [13] of the three copies of the
4In order to follow the bibliography, we define the coordinate space elements ΛAB with both indices
down.
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algebra as FABC =
(
fabc/
√
k1, f aˆbˆcˆ/
√
k2, f a˜b˜c˜/
√
k3
)
5, it is easy to bring the β-functions
of [10] in the following form
βAB =
1
2
NACD(Λ)NBDC(ΛT), NABC(Λ) = (ΛAEΛBDFEDF −ΛEFFABE)gFC. (3.7)
3.1 Anomalous dimension of the single current
In what follows, we firstly compute the exact in λ and λ˜, and up to order O(1/k), β-
functions for the two blocks of couplings appearing in (2.5). Subsequently, the exact in
λ and up to O(λ˜0) anomalous dimensions of the composite operators J1+ J2−, J1+ J3−
are found, from which the anomalous dimension of the single currents J1+ follows in
the decoupling limit.
3.1.1 The exact in all couplings β-functions
For the case of (2.5) the ΛAB matrix is the one in (2.7) and the β-function will be of the
form
βAB =
dΛAB
d lnµ2
=

0 β
abˆ βab˜
0 0 0
0 0 0

 , (3.8)
where
βabˆ =
1
2
NaCD(Λ)NbˆDC(ΛT), βab˜ =
1
2
NaCD(Λ)Nb˜DC(ΛT), (3.9)
and
ΛAB =


0 λabˆ λ˜ab˜
0 0 0
0 0 0

 , (ΛT)AB =


0 0 0
(λT)aˆb 0 0
(λ˜T)a˜b 0 0

 , (3.10)
gAB =


δab 0 0
0 (1− λTλ)aˆbˆ −(λTλ˜)aˆb˜
0 −(λ˜Tλ)a˜bˆ (1− λ˜Tλ˜)a˜b˜

 , gAB =


δab 0 0
0 f (λ, λ˜)aˆbˆ h(λ, λ˜)aˆb˜
0 h(λ˜,λ)a˜bˆ f (λ˜,λ)a˜b˜

 ,
g˜AB =


∆−1ab 0 0
0 δaˆbˆ 0
0 0 δa˜b˜

 , g˜AB =


∆ab 0 0
0 δaˆbˆ 0
0 0 δa˜b˜

 , ∆ = (1− λλT − λ˜λ˜T)−1,
f (λ, λ˜) = λT∆(1− λ˜λ˜T)λ−T, h(λ, λ˜) = λT∆λ˜, λ−T = (λ−1)T .
5All other components of FABC with mixed indices are zero since the three copies of the group are
considered independent. Moreover, the structure constants FABC are real.
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The other components of (3.8) are indeed zero as can also be confirmed from (3.7) and
thus no diffeomorphisms are needed to be added as counterterms, since no new direc-
tions are generated in the RG flow. However, inside the βabˆ and βab˜ blocks, new flows
may occur in general, depending on the specific choice of λ and λ˜ matrices. These
should be cancelled with the use of appropriate diffeomorphisms and this issue is ad-
dressed in Appendix A.
Returning to (3.9) the non-zero components of NaBC(Λ) and NaˆBC(ΛT) are
Nab cˆ(Λ) = 1√
k2
Nab
cˆ(λ, λ˜, λ−10 ) +
1√
k3
N˜ab
cˆ(λ, λ˜, λ˜−10 ),
Nab c˜(Λ) = 1√
k2
N˜ab
c˜(λ˜, λ, λ−10 ) +
1√
k3
Nab
c˜(λ˜, λ, λ˜−10 ),
Naˆbˆc(ΛT) =
1√
k1
N˜aˆbˆc(λT , λ˜, λ0),
Naˆb˜c(ΛT) =
1√
k1
(λT)aˆe(λ˜
T)b˜d fed f ∆ f c ,
(3.11)
where
Nab
γ(A, B, α) = (AaeAbd fed f − αAe f fabe)(AT∆(1− BBT)A−T) fγ,
N˜ab
γ(A, B, α) = (BaeBbd fed f − αBe f fabe)(BT∆A) fγ, with γ = (cˆ, c˜),
N˜aˆbˆc(A, B, α) = (AaeAbd fed f − αAe f fabe)∆ f c, ∆ = ∆(A, B),
λ0 =
√
k1
k2
, λ˜0 =
√
k1
k3
.
(3.12)
The exact in λ and λ˜ β-functions, up to O(1/k), are then
βabˆ =
1
2
√
k1k2
(
Nac
dˆ(λ, λ˜,λ−10 )N˜bˆdˆc(λT, λ˜,λ0) + N˜ac d˜(λ˜,λ,λ−10 )λTbˆeλ˜Td˜i∆ f c fei f
)
+
1
2
√
k1k3
(
N˜ac
dˆ(λ, λ˜, λ˜−10 )N˜bˆdˆc(λT, λ˜,λ0) + Nac d˜(λ˜,λ, λ˜−10 )λTbˆeλ˜Td˜i∆ f c fei f
)
,
(3.13)
βab˜ =
1
2
√
k1k2
(
Nac
dˆ(λ, λ˜,λ−10 )λ˜
T
b˜e
λT
dˆi
∆ f c fei f + N˜ac
d˜(λ˜,λ,λ−10 )N˜b˜d˜c(λ˜T,λ, λ˜0)
)
+
1
2
√
k1k3
(
N˜ac
dˆ(λ, λ˜, λ˜−10 )λ˜
T
b˜e
λT
dˆi
∆ f c fei f + Nac
d˜(λ˜,λ, λ˜−10 )N˜b˜d˜c(λ˜T ,λ, λ˜0)
)
.
(3.14)
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We may now consider the above β-functions at some important limits:6
• In the diagonal λabˆ = λδab and λ˜ab˜ = λ˜δab limit, the exact in λ and λ˜ β-functions
read
βλ(λ, λ˜) = − cG2
(
f1(λ, λ˜, λ0)√
k1k2
+
f2(λ, λ˜, λ˜0)√
k1k3
)
,
βλ˜(λ, λ˜) = −
cG
2
(
f2(λ˜, λ, λ0)√
k1k2
+
f1(λ˜, λ, λ˜0)√
k1k3
)
, (3.15)
f1(λ, λ˜, λ0) = λ
2(λ− λ−10 )(λ− λ0 + λ0λ˜2)∆2diag,
f2(λ,λ˜, λ˜0) = λλ˜
2(λ˜− λ˜−10 )(1− λ0λ)∆2diag, ∆diag = (1− λ2 − λ˜2)−1.
Notice here that the β-functions of (3.13) and (3.14) are coupled even in the di-
agonal limit. This is expected despite the fact that the OPEs between currents
belonging to different copies of the group G vanish, since both interaction ver-
tices of (2.5) contain the chiral current J1+ which has non-zero OPE with itself.
Furthermore, (3.15) coincides with eq. (4.7) of [13] for n = 4 and the redefinition
λ → λ0λ and λ˜ → λ˜0λ˜ of the couplings, as expected.
• In the λ˜ = 0 and λabˆ = λδab limit
βλ(λ, 0, λ0) = − cG
2
√
k1k2
λ2(λ− λ−10 )(λ− λ0)
(1− λ2)2 , βλ˜(λ, 0, λ˜0) = 0, (3.16)
with the βλ corresponding to the β-function of the doubly deformedmodel [6,10]
with group copies Gk1 and Gk2 as expected.
• In the λ = 0 and λ˜ab˜ = λ˜δab limit, βλ(0, λ˜, λ0) = 0, while βλ˜(0, λ˜, λ˜0) is the same
as the βλ of (3.16) but with k2 replaced by k3 and λ by λ˜, corresponding again
to the doubly deformed, asymmetric model, but now with group copies Gk1 and
Gk3 , as expected.
3.1.2 Anomalous dimension in the decoupling limit
Since we are interested in computing the anomalous dimension of J1+ for the λ-
deformed model of (2.4), we can work directly in the λ˜ = 0 limit. In this limit, only
6We will use here that facd fbcd = cGδab.
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βabˆ is non-zero, and (3.5) becomes
γAB
CD = ∂ABβ
CD + g˜CPgDQ
(
g˜AMgBN∂PQβ
MN + βklˆ∂klˆ
(
g˜PAgQB
))
. (3.17)
Due to the possible appearance of derivatives with respect to λ˜ acting on the β-functions,
onlyO(λ˜) terms in the β-functions andO(λ˜0) in the Zamolodchikov’s metric will con-
tribute for λ˜ = 0. Thus, in this limit, (3.10) reduces to
ΛAB =

0 λabˆ 00 0 0
0 0 0

 , (ΛT)AB =

 0 0 0(λT)aˆb 0 0
0 0 0

 ,
gAB =

δab 0 00 (1− λTλ)aˆbˆ 0
0 0 δa˜b˜

 , gAB =


δab 0 0
0 (1− λTλ)−1
aˆbˆ
0
0 0 δa˜b˜

 , (3.18)
g˜AB =


∆−1ab 0 0
0 δaˆbˆ 0
0 0 δa˜b˜

 , g˜AB =


∆ab 0 0
0 δaˆbˆ 0
0 0 δa˜b˜

 , ∆ = (1− λλT)−1.
Then, the β-functions (3.13), (3.14) up to O(λ˜) and O(1/k) read
βabˆ =
1
2
√
k1k2
N ′acdˆN ′(T)bˆdˆ
c +O(λ˜2),
βab˜ =
1
2
√
k1k2
N ′acdˆλ˜Tb˜eλTdˆl g˜ f c fel f +O(λ˜2),
N ′abcˆ = N ′abcˆ(λ, λ−10 ) = (λaeˆλbdˆ feˆdˆ fˆ − λ−10 λe fˆ fabe)g fˆ cˆ,
N ′
aˆbˆ
(T)c = N ′
aˆbˆ
(T)c(λT , λ0) = (λ
T
aˆeλ
T
bˆd
fed f − λ0λTeˆ f f aˆbˆeˆ)g˜ f c,
(3.19)
where the components of g and g˜ are the ones of (3.18). As expected, βabˆ has the same
form as (2.11) of [10], corresponding to the β-function of the doubly deformed asym-
metric model of (2.4).
In order to compute the anomalous dimensions of the two composite operators we
will need the covariant derivative of the two β-functions in the λ˜ = 0 limit. We are
interested in the anomalous dimension components (γJ1+ J2−)abˆ
cdˆ and (γJ1+ J3−)ab˜
cd˜ re-
ferring to the corresponding interactions in the Lagrangian. Using (3.18) and (3.19),
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the corresponding partial derivatives at the λ˜ = 0 limit are
∂mnˆβ
abˆ =
1
2
√
k1k2
(
Kac;mnˆdˆN ′(T)bˆdˆ
c +N ′acdˆK(T)bˆdˆ;nˆm
c
)
, ∂mnˆβ
ab˜ = 0,
∂mn˜β
abˆ = 0, ∂mn˜β
ab˜ =
δn˜
b˜
2
√
k1k2
N ′acdˆλTdˆl g˜ f c fml f ,
(3.20)
where
Kab;i jˆ cˆ = Kab;i jˆ cˆ(λ, λ−10 ) = (δaiλbdˆ − δbiλadˆ) f jˆdˆ fˆ g fˆ cˆ − λ−10 fabig jˆcˆ +N ′abdˆ(λikˆδjˆdˆ + λidˆδjˆkˆ)gkˆcˆ,
K(T)
aˆbˆ; jˆi
c = Kaˆbˆ; jˆi c(λT , λ0) = (δaˆ jˆλTbˆd − δbˆ jˆλTaˆd) fid f g˜ f c − λ0 f aˆbˆ jˆg˜ic +N
′(T)
aˆbˆ
d(λT
jˆk
δid + λ
T
jˆd
δik)g˜
kc .
Then, from (3.17) by substituting (3.18) and (3.20) we find the anomalous dimension
components that we are interested in, to be7
γabˆ
cdˆ =
1
2
√
k1k2
[
Kce;abˆsˆN ′(T)dˆsˆ e +N ′ce sˆK
(T)
dˆsˆ;bˆa
e +
(
δcmδ
dˆ
bˆ
(λg−1)anˆ + δcaδdˆnˆ(λg−1)mbˆ
)
N ′mesˆN ′(T)nˆsˆ e
+ g˜amgbˆnˆ g˜cpgdˆqˆ
(
Kme;pqˆsˆN ′(T)nˆsˆ e +N ′mesˆK(T)nˆsˆ;qˆpe
)
(3.21)
+ g˜amgbˆnˆ g˜cpgdˆqˆ
(
δmi δ
nˆ
qˆ (λg
−1)pjˆ + δ
m
p δ
nˆ
jˆ
(λg−1)iqˆ
)
N ′iesˆN ′(T)jˆsˆ e
]
,
which, after some algebra, coincides with eq. (3.5) of [15], as well as with eq. (3.9) of
the same reference in the diagonal limit λabˆ = λδab, corresponding to the anomalous
dimension of the composite J1+ J2− operator as expected, and
γab˜
cd˜ =
δb˜
d˜
2
√
k1k2
[
N ′ce sˆλTsˆl g˜ f e fal f + (λg−1)amˆN ′ce sˆN ′(T)mˆsˆ e
+ g˜am g˜cp
(
N ′mesˆλTsˆl g˜ f e fpl f + (λg−1)piˆN ′mesˆN ′(T)iˆsˆ
e
)]
.
(3.22)
7The indices in the l.h.s. are up(down), while in the r.h.s. are down(up) for the same reason as in
footnote 4.
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However, there are also three more non-zero components given by
γab
cd = g˜cpβ
klˆ∂klˆ
(
g˜pagdb
)
,
γaˆbˆ
cˆdˆ = gdˆqˆβ
klˆ∂klˆ
(
g˜cˆaˆgqˆbˆ
)
,
γa˜bˆ
c˜dˆ = gdˆqˆβ
klˆ∂klˆ
(
g˜ p˜a˜gqˆbˆ
)
,
(3.23)
where the g and g˜ components are the ones in (3.18), while all other components of
γAB
CD vanish in the λ˜ = 0 limit.
Some comments regarding equations (3.21)-(3.23) are in order. We may now rename
all possible pairs of indices as (ab) = A, (abˆ) = B, (ab˜) = C, (aˆb) = D, etc. such that
a 9× 9 matrix is formed with each of its entries being a (dimG× dimG)-dimensional
block. It becomes obvious now that all non-zero components belong to the diagonal of
that matrix and hence, in the λ˜ = 0 limit, correspond to the "eigenvalues" of the corre-
sponding composite operators. The ones we are interested in are γabˆ
cdˆ = (γJ1+ J2−)abˆ
cdˆ
and γab˜
cd˜ = (γJ1+ J3−)ab˜
cd˜ corresponding to J1+ J2− and J1+ J3− respectively. Notice here
that (3.22) is written as a tensor product with the Gk3 copy being decoupled. This re-
sult would normally correspond to the anomalous dimension of the J1+ J3− composite
operator, but since we are in the λ˜ = 0 limit, J3− does not appear in the action and
thus, does not acquire an anomalous dimension.
Then, (γJ1+ J3−)ab˜
cd˜ = (γJ1+)a
cδb˜
d˜, with
(γJ1+)a
c =
1
2
√
k1k2
[
N ′ce sˆλTsˆl g˜ f e fal f + (λg−1)amˆN ′ce sˆN ′(T)mˆsˆ e
+ g˜am g˜cp
(
N ′mesˆλTsˆl g˜ f e fpl f + (λg−1)piˆN ′mesˆN ′(T)iˆ sˆ
e
)]
,
(3.24)
where the N ′ are the ones in (3.19). Furthermore, in the diagonal and isotropic limit
λabˆ = λδab
(γJ1+)a
c = γa
c =
cG
k2
λ2(λ− λ−10 )2
(1− λ2)3 δa
c , (3.25)
which matches with eq. (2.9) of [6] with k2 = kR, corresponding to the anomalous
dimension of the single chiral current J1+ in the isotropic limit.
Finally, the anomalous dimension of the anti-chiral current J2− is obtained from (3.24)
by replacing λ with λT and exchanging k1 ↔ k2, as explained in the previous Sec-
tion. This has also been extensively checked with the use of the additional auxiliary
term method. However, we chose not to present the tedious calculation here, since it
repeats exactly the steps analysed in the present Section, but with the use of the cou-
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pling matrix (2.8), yielding the expected result. We should clarify here that the correct
result for J2− obtained this way, cannot be recovered from the last equation of (3.23),
for reasons explained in the following paragraph.
The other three non-zero "eigenvalues" of (3.23) correspond to a part of the anomalous
dimensions of J1+ J1−, J2+ J2− and J3+ J2− operators respectively. These operators do
not appear in the action (2.5), but they develop non-zero anomalous dimension as a
contribution coming from the individual single currents J1+ and J2−, which are indeed
present in the initial action (even in the λ˜ = 0 limit) and acquire anomalous dimen-
sions. However, these are not the full anomalous dimensions of these three composite
operators. In order to obtain the full result, one needs to also include these operators
in the initial action8, similarly to the case of the auxiliary J1+ J3− operator, and then
take the limit where their coupling goes to zero9. Then, an additional contribution
to the anomalous dimension of the auxiliary Ji+ Jj− will appear as the partial deriva-
tive terms of the corresponding β-function in (3.5) and in the limit where the auxiliary
coupling goes to zero, survives and contributes only to the anomalous dimension of
the corresponding operator without affecting the others. This happens because in the
decoupling limit, in which we recover the λ-model (2.4), the Zamolodchikov’s metric
becomes block-diagonal (i.e. g and g˜ are block-diagonal) and since the β-function of
the auxiliary coupling vanishes, there is no mixing in the anomalous dimensions.
Given the above arguments, it becomes clear now, why the correct result for the
anomalous dimension of J2− cannot be obtained from the last equation of (3.23).
We should further note here, that our result does not change if we consider a ΛAB
matrix with all block interactions present in the initial action as auxiliary terms. The
limit where all the auxiliary couplings go to zero, will again yield (3.24) as a final re-
sult, as a consequence of the block-diagonal form of the metric in this limit. In this
case, no diffeomorphisms are needed, since all the block-entries of ΛAB are consid-
ered non-zero and general, resulting to consistent RG flows.
8The need to include the corresponding composite operator in the action is further supported by the
fact that eq. (3.2) has been proved to provide the anomalous dimensions of operators driving a theory
away from a CFT [14].
9This procedure should be performed independently for each composite operator, in order to avoid
the possible mixing of the anomalous dimension matrix due to the emergence of new directions in the
RG flow. For example, if the operator J3+ J2− is added to (2.4), then the only two non-zero components
of βAB should be βabˆ and βa˜bˆ. Otherwise, the procedure should be modified in order to include dif-
feomorphisms and the resulting anomalous dimension matrix might not be block-diagonal, implying
mixing between operators belonging in different blocks.
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4 The two couplings case using a coset and subgoup
Consider again themodel of (2.4), wherewe now split the group indices into subgroup
H ⊂ G and coset G/H ones and modify the split index A notation of the previous
Section, to A = (a, α), where the Latin/Greek indices stand for the subgroup/coset
components. The hats and tildes are now omitted from the indices notation, since we
work directly in the λ˜ = 0 limit, where all the results depend only on λabˆ → λAB.
Then, for non-symmetric Einstein-spaces the following relations hold [16, 17]
fACD fBCD = cGδAB, facd fbcd = cHδab, fαγδ fβγδ = cG/Hδαβ,
faγδ fbγδ = (cG − cH)δab, fαγc fβγc = 12(cG − cG/H)δαβ, fabγ = 0,
(4.1)
where cG, cH are the eigenvalues of the quadratic Casimir operator in the adjoint rep-
resentation for the group G and the subgroup H respectively, while cG/H is just a
constant. For symmetric spaces fαβγ = 0 and cG/H = 0.
We will now work in the λ˜ = 0 limit of (2.5) where the action (2.4) is recovered. For
a diagonal λAB deformation, where the subgroup and the coset theory have differ-
ent deformation parameters, the non-zero coupling components are λab = λHδab and
λαβ = λG/Hδαβ. Our goal is to compute the anomalous dimensions for the subgroup
and coset single current components Ja1+, J
α
1+ of the λ-model (2.4), using the results of
Section 3.1.2. We can re-express (3.24) in terms of the β-functions as
(γJ1+)A
C =N ′CESλTSL g˜FE fALF + 2
√
k1k2(λg
−1)AMβCM
+ g˜AM g˜CP
(
N ′MESλTSL g˜FE fPLF + 2
√
k1k2(λg
−1)PIβMI
)
,
(4.2)
where the capital indices A = (a, α) now run in the subgroup and the coset respec-
tively. The β-functions βab = βλHδ
ab and βαβ = βλG/Hδ
αβ have been computed before
in [10] to be
βλH = −
(λH − λ0)(λH − λ−10 )
2
√
k1k2
(
cH
λ2H
(1− λ2H)2
+ (cG − cH)
λ2G/H
(1− λ2G/H)2
)
,
βλG/H = −
1
2
√
k1k2
(
cG/H
λ2G/H(λG/H − λ0)(λG/H − λ−10 )
(1− λ2G/H)2
+
cG − cG/H
2
×
× λG/H
(1− λ2G/H)(1− λ2H)
(
(λ−10 − λH)(λ0λH − λ2G/H) + (λ0 − λH)(λ−10 λH − λ2G/H)
))
.
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These are also invariant under the transformation
λG/H → λ−1G/H , λH → λ−1H , k1,2 → −k2,1 , (4.3)
while the different components of N ′ are given from (3.19), reading
N ′abc(λH ; λ−10 ) = −
λH(λ
−1
0 − λH)
1− λ2H
fabc ,
N ′αβc(λH , λG/H; λ−10 ) =
λ2G/H − λ−10 λH
1− λ2H
fαβc ,
N ′αβγ(λG/H ; λ−10 ) = −
λG/H(λ
−1
0 − λG/H)
1− λ2G/H
fαβγ ,
N ′αbγ(λH , λG/H; λ−10 ) = −
λG/H(λ
−1
0 − λH)
1− λ2G/H
fαbγ ,
N ′aβγ(λH , λG/H; λ−10 ) = −
λG/H(λ
−1
0 − λH)
1− λ2G/H
faβγ ,
N ′aβc = N ′abγ = N ′αbc = 0 .
(4.4)
Using the fact that for the present choice of deformation matrix the g and g˜ compo-
nents of (3.18) are
gab = g˜ab = (1− λ2H)δab, gαβ = g˜αβ = (1− λ2G/H)δαβ,
gab = g˜ab = (1− λ2H)−1δab, gαβ = g˜αβ = (1− λ2G/H)−1δαβ,
(4.2) yields the result (γJ1+)a
c = (γJH1+
)δac, with
γJH1+
=
(λ−10 − λH)2
k2(1− λ2G/H)2(1− λ2H)3
[
cGλ
2
G/H(1− λ2H)2 − cH(λ2G/H − λ2H)(1− λ2G/Hλ2H)
]
(4.5)
for the anomalous dimension of the subgroup current component Ja1+,
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and (γJ1+)α
γ = (γ
JG/H1+
)δα
γ, with
γ
JG/H1+
=
1
2
√
k1k2
1
(1− λ2G/H)3(1− λ2H)
[
cG(1− λ2G/H)×
×
(
λ−10 (λ
2
G/H + λ
2
H) + λ
2
G/H
(
λ0(λ
2
G/H + λ
2
H)− 4λH
))
+ cG/H(λG/H − λH)
(
λ−10 (1+ λ
2
G/H)(λG/H + λH)
+ λ2G/H
(
λ0(1+ λ
2
G/H)(λG/H + λH)− 4(1+ λHλG/H)
))]
(4.6)
for the anomalous dimension of the coset current component Jα1+, while (γJ1+)a
γ =
(γJ1+)α
c = 0.
Notice that both (4.5) and (4.6) are invariant under the symmetry (4.3) and in the
λG/H = λH = λ limit are identical to (3.25) as expected. Furthermore, in the λG/H = 0
limit, (4.5) consistently reduces to (3.25) with cG and λ replaced by cH and λH respec-
tively, providing the anomalous dimension of the single current operator of a λH-
deformed theory with group G, where only the subgroup theory is deformed. More-
over, by exchanging k1 with k2 in (4.5) and (4.6), we obtain the anomalous dimension
of Ja2− and J
α
2− subgroup and coset current components. Finally, in the equal levels
limit with λ0 = 1 we can obtain the anomalous dimension γJH+
= γJH−
and γ
JG/H+
=
γ
JG/H−
for the subgroup and coset current components of the simply λ-deformed sym-
metric model.
We should note here that the coset limit defined by taking equal levels and λH → 1, is
not well defined in (4.6). This means that we cannot recover the anomalous dimension
of a parafermion by performing a limiting procedure to the anomalous dimension of
the single current. This is due to the non-local phase that is present for a parafermion
but absent for a current. However, the λH → 1 limit is well defined for the subgroup
current component (4.5) for the case of an Abelian subgroup H (cH = 0).
5 Two examples with SU(2)
In the present Section we present two examples for G = SU(2). The first one is for
a diagonal, fully anisotropic deformation matrix, while the second one is for a gen-
eral non-diagonal matrix where, as a sub-case, we consider the deformation matrix
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of [18]. These two examples have proved to be very enlightening regarding the results
obtained through the application of our method, while the discussion at the end of
Subsection 5.1 can also be considered as a complement to the result found in Section
3 of [15].
5.1 Diagonal and anisotropic case
Let us now consider the SU(2) case with a diagonal but anisotropic λab matrix of the
form
λabˆ =

λ1 0 00 λ2 0
0 0 λ3

 , (5.1)
with the following β-functions
βλ1 =
(λ0 + λ
−1
0 )λ1(λ
2
2 + λ
2
3)− 2λ2λ3(1+ λ21)√
k1k2(1− λ22)(1− λ23)
, and cyclic in 1,2,3 . (5.2)
For the above matrix, (3.24) yields a diagonal anomalous dimension matrix for the
single currents, with entries
(γJ1+)1
1 = − 2√
k1k2
4λ1λ2λ3 − (λ−10 + λ0λ21)(λ22 + λ23)
(1− λ21)(1− λ22)(1− λ23)
(5.3)
and cyclic in 1,2,3. In the λ1 = λ2 = λ3 = λ limit, (5.3) reduces to (3.25) with cG = 4,
while for the equal levels k1 = k2, in the isotropic limit we recover the result of (3.21)
in [2], again with cG = 4, corresponding to the anomalous dimension of a single cur-
rent for the SU(2) group. Furthermore, the components given above are invariant
under the duality-type transformation (2.2) with (k1 → −k2, k2 → −k1, λi → 1/λi), as
expected.
Notice here also that for λ1 = λ2 = λ (5.3) coincides with the (γJ1+)1
1 and (γJ1+)2
2
components of (4.6) with cG = 4, cH = 0 and cG/H = 0, corresponding to the
SU(2)/U(1) symmetric coset. However, the SU(2)/U(1) coset limit defined by tak-
ing equal levels and λ3 → 1, λ1 = λ2 = λ (where now λ3 = λH corresponds to
the subgroup deformation) is not well defined here for the reasons explained in the
previous Section, and thus, the corresponding result of [19] cannot be recovered via a
limiting procedure.
Moreover, in the IR fixed point (λ1 = λ2 = λ3 = λ0), (5.3) equals with
4
k2−k1 , while the
anomalous dimension of the anti-chiral current is zero, recovering the results of [6].
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Finally, we can obtain from (3.21) the anomalous dimension matrix for the compos-
ite operator J1+ J2−, with non-zero components
γ11ˆ
11ˆ = − 2√
k1k2
8λ1λ2λ3 − (λ0 + λ−10 )(1+ λ21)(λ22 + λ23)
(1− λ21)(1− λ22)(1− λ23)
,
γ11ˆ
22ˆ = − 4√
k1k2
λ3(1+ λ
2
1)(1+ λ
2
2)− (λ0 + λ−10 )λ1λ2(1+ λ23)
(1− λ21)2(1− λ23)
,
γ12ˆ
12ˆ = γ21ˆ
21ˆ =
2√
k1k2
(λ0 + λ
−1
0 )(λ
2
1λ
2
2 + λ
2
3)− 4λ1λ2λ3
(1− λ21)(1− λ22)(1− λ23)
,
γ12ˆ
21ˆ = γ21ˆ
12ˆ =
2√
k1k2
2λ3(1+ λ
2
1λ
2
2)− (λ0 + λ−10 )λ1λ2(1+ λ23)
(1− λ21)(1− λ22)(1− λ23)
,
(5.4)
and cyclic in 1,2,3. For the case of the composite operator, the SU(2)/U(1) symmetric
coset limit can be recovered for k1 = k2, by sending the coupling corresponding to the
deformation of the U(1) subgroup λ3 → 1 and take λ1 = λ2 = λ. Then, as expected,
one of the well-defined eigenvalues of the above 9 × 9 matrix is identical with eq.
(4.34) of [19], yielding
γ
SU(2)/U(1)
J1+ J2− = −
2
k
1+ λ2
1− λ2 . (5.5)
The reason why the above limit is well defined in this case, is because in the composite
operator the non-local parafermionic phase is cancelled out due to the equal contribu-
tion of a holomorphic and an anti-holomorphic parafermion.
It is worth noting here that the first two results of (5.4), along with their cyclic per-
mutations, can also be reproduced by (3.5), using the reduced 3× 3 couplings’ space
metric, with line element
(ds)2 = Gabˆ|cdˆdλabˆdλcdˆ =
(dλ1)
2
(1− λ21)2
+
(dλ2)
2
(1− λ22)2
+
(dλ3)
2
(1− λ23)2
,
instead of the 9× 9 tensor product metric of (3.4). In this reduced space we acquire
a 3× 3 anomalous dimension matrix involving only the operators that are present in
the action, i.e. J11+ J
1ˆ
2−, J21+ J
2ˆ
2−, J31+ J
3ˆ
2−, where the upper indices denote the correspond-
ing su(2) elements with couplings λ1, λ2, λ3 respectively. On the contrary, in the full
space with the 9× 9 metric, additional elements occur, corresponding to the full spec-
trum of Ja1+ J
bˆ
2− composite operators, with the indices a, bˆ running again in the adjoint
representation of the su(2). Of course, if we diagonalize both anomalous dimension
matrices, the three eigenvalues of the reduced one, appear inside the set of eigenval-
18
ues of the 9× 9 matrix10. The reason why in the complete space we are able to recover
the anomalous dimension components for operators that are not present in the action,
is because the result (3.21) has been derived by considering all the entries of the cou-
pling matrix λabˆ (and also of the β
abˆ) non-zero (i.e. in the initial action all interactions
were present). This differs from the case where the results (3.21)-(3.23) are produced,
since the ΛAB matrix and the corresponding β
AB have only two non-zero entries and
the contribution from partial derivatives on these βs with respect to all zero Λ-entries
has not been included in the calculations. This is the reason why (3.23) corresponds
only to a part of the anomalous dimensions of operators that are not present in the
action with deformation term J A1+ΛABJ B2− (with the capital indices A = (a, aˆ, a˜) run-
ning in the three copies of the group G and the matrix Λ of (2.7)), while the additional
components of (5.4) correspond to the full anomalous dimensions of operators not
present in the action with deformation term Ja1+λabˆ J
bˆ
2− (with the indices now running
in the adjoint of su(2) and the matrix λ of (5.1)).
We should further note here, that for cases, like the one in the following example,
where two or more entries of the λabˆ matrix are related to each other, the comparison
of results between the reduced and the full couplings’ space might not be immediate.
This happens because in the reduced space, the composite operators will differ from
the ones in the complete one and so, the directions of the different flows in the two
spaces cannot be straightforwardly compared.
Finally, there is a further subtlety here regarding the contribution coming from the co-
variant derivatives with respect to couplings that have been set to zero, that is worth
being analysed. This issue clearly appears only when one uses equation (3.21) in or-
der to obtain the anomalous dimension matrix for the composite operators Ja1+ J
b
2− in
the full space of couplings. As has already been discussed, in that case additional
elements appear, corresponding to the anomalous dimension of composite operators
whose couplings are zero in the action (see eq. (5.4)). Then, one could ask why the
contribution from these couplings does not affect the results for the operators existing
in the action. The answer is that it does, and one should be very careful in the inter-
pretation of these results. The only cases where the aforementioned results are safe to
be used, are those where the 9× 9 metric is block-diagonal (i.e. the g and g˜ are block-
diagonal) and the β-functions of the couplings whose limit to zero has been taken, are
also zero (i.e. the zero limit is compatible with the RG flows). This ensures that all pos-
sible contribution coming from the partial derivatives (acting both on the β-functions
and the Zamolodchikov’s metric) with respect to couplings set to zero, is multiplied
10The well defined eigenvalue (5.5) for the SU(2)/U(1) coset of the 9 × 9 anomalous dimension
matrix, is also present in the set of eigenvalues of the 3× 3 reduced one, as expected.
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by the corresponding (zero) β-function and thus does not contribute. This means that
the γi jˆ
mnˆ component will only acquire contribution from the ∂i jˆβ
mnˆ and βklˆ∂klˆ
(
g˜pagqˆbˆ
)
terms, with the ∂i jˆ and the β
abˆ corresponding only to existing in the action couplings
now. This way, we can acquire the anomalous dimensions for operators that are not
present in the action and in the same time ensure that these operators will not affect
the result for the ones that are indeed involved in the action. Both the SU(2) examples
presented in this work have a diagonal Zamolodchikov’s metric and the limit of the
zero λ-entries is compatible with the RG flows. Thus, our results for the composite
operators in both examples are valid.
The above issue is not present in the derivation of equation (3.24) (and equivalently of
(3.21)-(3.23)), since in the limit where all the auxiliary block-entries of ΛAB are taken
to zero, the 9× 9 metric is block-diagonal (see eq. (3.18)). Given that this metric ap-
pears in front of the partial derivatives in (3.5), it can be directly replaced there, by its
block-diagonal form in the decoupling limit (i.e. all ΛAB entries equal to zero except
from λabˆ), and the expression of γab˜
cd˜ is
γab˜
cd˜ = ∂ab˜β
cd˜ + g˜cpgd˜q˜
(
g˜amgb˜n˜∂pq˜β
mn˜ + βklˆ∂klˆ
(
g˜pagq˜b˜
))
.
It is clear now, that derivatives corresponding to λabˆ do not cause any problem since
the partial derivatives with respect to the couplings inside this block, are multiplied
by the corresponding βabˆ (which is non-zero only for couplings of operators that are
present in the action, in a consistent zero limit of some λabˆ-entries)
11.
Thus, the result (3.24) for the anomalous dimension matrix of the single current oper-
ator J1+ is valid for any choice of λabˆ matrix.
5.2 Non-diagonal case
We can now go beyond the diagonal case and consider a matrix of the form
λabˆ =

 λ1 λ2 0−λ2 λ1 0
0 0 λ3

 . (5.6)
For this choice of deformation matrix, no new RG flows are generated and so no dif-
feomorphisms are needed. Thus, the β-functions are simply given by the first equation
11Derivatives with respect to λab˜ (or any other auxiliary coupling matrix) are not an issue, since we
have the freedom to choose all of its (their) entries to be non-zero. Therefore, the partial derivatives
with respect to them are always well defined.
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of (3.19)
βλ1 = λ1 f (λ1, λ2, λ3), βλ2 = λ2 f (λ1, λ2, λ3),
f (λ1, λ2, λ3) =
(λ0 + λ
−1
0 )(λ
2
1 + λ
2
2 + λ
2
3)− 2(1+ λ21 + λ22)λ3√
k1k2(1− λ23)(1− λ21 − λ22)
,
βλ3 = −
2√
k1k2
(λ21 + λ
2
2)(λ0 − λ3)(λ−10 − λ3)
(1− λ21 − λ22)2
.
(5.7)
The anomalous dimension components for the single currents can be computed from
(3.24) and read
(γJ1+)1
1 = (γJ1+)2
2 =
2√
k1k2
λ−10 (λ
2
1 + λ
2
2 + λ
2
3)
(
1+ λ20(λ
2
1 + λ
2
2)
)− 4λ3(λ21 + λ22)
(1− λ21 − λ22)2(1− λ23)
,
(γJ1+)3
3 =
4√
k1k2
λ0(λ
2
1 + λ
2
2)(λ
−1
0 − λ3)2
(1− λ21 − λ22)2(1− λ23)
, (5.8)
while all non-diagonal components are zero12. Notice here that the λ2 = 0 and
λ3 = λ1 = λ limit is consistent, and eq. (3.25) is recovered from (5.8) as expected.
Once again, the result (5.8) is invariant under the symmetry (2.2), involving the inver-
sion of the matrix λabˆ and the exchange of k1,2 ↔ −k2,1.
If we now further reduce the number of independent directions in the flow of λabˆ,
as in the integrable case of [18] where
λ1 =
ζ2(1+ λ)2 + 4λ
ζ2(1+ λ)2 + 4
, λ2 =
2ζ(1− λ2)
ζ2(1+ λ)2 + 4
, λ3 = λ , (5.9)
diffeomorphisms are indeed needed in order to consistently reduce the three-dimensional
space of couplings (λ1, λ2, λ3) to a two-dimensional one (λ, ζ).
According to AppendixA,we find the diffeomorphism ζˆ′(λ, ζ; λ0) =
(
0, 0, ζˆ′3(λ, ζ; λ0)
)
where
ζˆ′3(λ, ζ;λ0) = ζ
(1+ λ−20 )
(
4λ + (1+ λ)2ζ2
)− 2λ−10 (4(1− λ + λ2) + (1+ λ)2ζ2)
4
√
2(λ− λ−10 )(1− λ)2
. (5.10)
12The diagonal form of the anomalous dimension matrix for this example is due to the fact that the
off-diagonal entries of the matrix (5.6) have opposite values. Of course, for any other choice of non-
diagonal coupling matrix, the anomalous dimension is expected to be non-diagonal.
One such example is the SU(2) case with the symmetric matrix λabˆ =

λ1 λ2 0λ2 λ1 0
0 0 λ3

 , where
again no diffeomorphisms are needed. Then, the (γJ1+)a
c anomalous dimension matrix is non-diagonal,
yet each of its entries is again invariant under the transformation (2.2).
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This model corresponds to a generalization of the one analysed in [18], with different
Kac-Moody levels.
Then, the β-functions for the new couplings λ and ζ in the presence of the diffeomor-
phism (5.10) are
βλ = −
(λ0 − λ)(λ−10 − λ)
(
4+ (1+ λ)2ζ2
)(
4λ2 + (1+ λ)2ζ2
)
8
√
k1k2(1− λ2)2
,
βζ =
(2+ λ0 + λ
−1
0 )ζ
(
16λ2 + 4(1+ λ2)(1+ λ)2ζ2 + (1+ λ)4ζ4
)
16
√
k1k2(1− λ)(1+ λ)3
.
(5.11)
In this case the initial βλi , i = 1, 2, 3 of (5.7) acquire an extra contribution of the form
Dabˆ as given in (A.2). Then, combining (3.5) with (A.3) and (A.7) in (A.9), the anoma-
lous dimension matrix of J1+ should be (5.8) with an additional contribution of the
form (Dif)ab˜
cd˜ = 1
2
√
k1k2
(
δp
aδc
m + g˜am g˜cp
) (
λ0λpsˆN ′mrsˆ − fmrp
)
ζˆ′r . However, in the ex-
ample at hand, the contribution of diffeomorphisms in the anomalous dimensions is
zero and so, (5.8) remain unchanged. Its components, in terms of the couplings λ and
ζ then read
(γJ1+)1
1 = (γJ1+)2
2 =
1
8
√
k1k2(1− λ2)3
[(
4λ2 + (1+ λ)2ζ2
)(
(1+ λ)2ζ2
(
λ0(1+ λ
2)− 4λ)
− 8λ(2− λ0λ)
)
+ λ−10
(
32λ2 + 4(1+ λ)2(1+ 3λ2)ζ2 + (1+ λ)4(1+ λ2)ζ4
)]
(γJ1+)3
3 =
λ0(λ− λ−10 )2
(
4+ (1+ λ)2ζ2
)(
4λ2 + (1+ λ)2ζ2
)
4
√
k1k2(1− λ2)3
(5.12)
and are invariant under the transformation
λ → λ−1, ζ → −ζ, k1 → −k2, k2 → −k1,
which is the manifestation of the duality-type symmetry in the reduced couplings’
space (λ, ζ).
Finally, some comments regarding the anomalous dimension of the composite op-
erators in terms of λ1, λ2, λ3 are in order. It is possible to compute the anomalous
dimension matrix of J1+ J2− both in the complete space using (3.21) directly, or in the
reduced one by using the corresponding 3× 3 metric
(ds)2 =
(dλ1)
2
(1− λ21 − λ22)2
+
(dλ2)
2
(1− λ21 − λ22)2
+
1
2
(dλ3)
2
(1− λ23)2
.
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However, as explained in the end of the previous Subsection, a comparison between
the two results now would not be immediate. For the case at hand, with the defor-
mation matrix (5.6), the operators that are present in the action, in the reduced space
are collected to the following new ones: O1 = J11+ J1ˆ2− + J21+ J2ˆ2−, O2 = J11+ J2ˆ2− − J21+ J1ˆ2−
and O3 = J31+ J3ˆ2− with couplings λ1, λ2, λ3 respectively. It is now clear that the only
anomalous dimension matrix element that can be immediately compared and should
be equal between the two spaces is the one corresponding to the J31+ J
3ˆ
2− operator,
which is indeed the case. Of course, the three eigenvalues of the reduced anomalous
dimension matrix, are again present in those of the 9× 9 matrix.
6 Discussion and future directions
In this work we presented an easy way to compute exact expressions for the anoma-
lous dimensions of the single current operators for a doubly deformed λ-model with
general deformation matrix. Our method was derived for the case of a general semi-
simple, compact group and was applied in the case of a general non-symmetric coset,
corresponding to an Einstein space. Two examples for the SU(2) case were also pre-
sented, for diagonal and non-diagonal anisotropic λ matrices. Finally, the case with
diffeomorphisms was discussed in Appendix A. All results are exact in the deforma-
tion parameter(s) up to orderO(1/k) and in agreement with limit cases existing in the
literature.
The computation was based in a combination of two methods introduced in [11] and
uses only the couplings’ space geometry data along with an extra auxiliary group in-
teraction which decouples at a certain limit. There are three major advantages in this
approach: Firstly, there is no need for any perturbative calculation, which would have
been tedious or even impossible in the case of a general λ matrix. Secondly, given
the fact that the method presented here takes advantage of the target space geometry
in the computation of the β-functions, it further incorporates information regarding
the diffeomorphisms on the target space. Thirdly, this method allows us to compute
exact quantum quantities with respect to every auxiliary coupling added in the initial
action.
In this context, we considered one extra interaction term, computed the exact in both
couplings β-functions, and then took the limit where the auxiliary coupling goes to
zero, in order to obtain the anomalous dimension of the single current in the original
theory. However, we could have kept the λ˜ coupling finite and compute the exact,
both in λ and λ˜, result for the anomalous dimensions of the two composite opera-
tors in the new theory. Another idea is to perform further deformations of the origi-
23
nal action by introducing different auxiliary groups and include self- and/or mutual-
interactions. This idea is currently under consideration. Finally, the method analysed
in this work could be used in order to easily obtain higher order results in the 1/k-
expansion, still exact in the deformation(s) parameters.
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A Anomalous dimensions with diffeomorphisms
Consider now that the choice of deformation matrix is such that new flows are gen-
erated during the RG flow. Then, diffeomorphism terms should also be considered in
order to cancel the flows in the new directions. In this case, the most general form of
the β-function can be found in (A.5) of [15], and in the context of this work reads
dΛAB
dt
=
1
2
(
NACDN (T)CBD +NACDgBD ζˆC
)
, ζˆC = −g˜CEξˆE, (A.1)
with ζˆ and ξˆ being constants with respect to the space-time coordinates, but in general
depending on the coupling parameters and the levels k1,2.
The first term of (A.1) corresponds to the usual β-function components of (3.13) and
(3.14) (or (3.19)) found in the main text, while the second one corresponds to the addi-
tional contribution of diffeomorphisms. The exact in λ and λ˜ diffeomorphism compo-
nents that would be added in (3.13) and (3.14) are given from the above relation with
the g and N components of (3.10) and (3.11) accordingly.
We will now compute the contribution of the extra term to the β-functions (3.19) and
the anomalous dimensions (3.21) and (3.24) up to orderO(1/k) and in the λ˜ = 0 limit.
By defining
DAB =
1
2
NACDgBD ζˆC,
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after some algebra, the following contributions to βabˆ and βab˜ up toO(λ˜) can be found
Dabˆ =
λ0
2
√
k1k2
N ′acdˆgbˆdˆζˆ′c, Dab˜ = −
1
2
√
k1k2
λ˜rb˜ facr ζˆ
′c, ζˆ′c =
√
k2 ζˆ
c, (A.2)
while Dab = DaˆB = Da˜B = 0, B = (b, bˆ, b˜). The expressions for g and N ′ in (A.2) are
the ones in (3.18) and (3.19).
The anomalous dimensions for the composite operators are again given by (3.2), but
now with the β-function of (A.1). The former, compared to the ones found in the main
text, would have an additional contribution of the form
(
Dif
)
AB
CD = ∇ABDCD +∇CDDAB = ∇ABDCD + GAB|MNGCD|PQ∇PQDMN
= ∂ABD
CD + g˜CPgDQ
(
g˜AMgBN∂PQD
MN +Dklˆ∂klˆ
(
g˜PAgQB
))
.
(A.3)
Then (A.3) has the following non-zero components
(
Dif
)
ab
cd = g˜cpD
klˆ∂klˆ
(
g˜apgbd
)
,(
Dif
)
aˆbˆ
cˆdˆ = gdˆqˆD
klˆ∂klˆ
(
g˜aˆcˆgbˆqˆ
)
,
(
Dif
)
a˜bˆ
c˜dˆ = gdˆqˆD
klˆ∂klˆ
(
g˜c˜ p˜gbˆqˆ
)
,
(A.4)
where the g, g˜ andDAB components are the ones in (3.18) and (A.2) respectively, along
with
(
Dif
)
abˆ
cdˆ =
(
δp
aδqˆ
bˆδc
mδdˆ
nˆ + g˜cpgdˆqˆ g˜
amgbˆnˆ
)
∂pqˆD
mnˆ
+ g˜cpgdˆqˆD
klˆ
(
∂klˆ g˜
apgbˆqˆ + g˜ap∂klˆg
bˆqˆ
)
,
(A.5)
(
Dif
)
ab˜
cdˆ = ∂ab˜D
cdˆ =
λ0
2
√
k1k2
N ′cr sˆgdˆsˆ∂ab˜ζˆ′r ,
(
Dif
)
abˆ
cd˜ =
λ0
2
√
k1k2
g˜cpgd˜q˜ g˜
amgbˆnˆN ′mrsˆgnˆsˆ∂pq˜ζˆ′r ,
(A.6)
(
Dif
)
ab˜
cd˜ =
(
δp
aδq˜
b˜δc
mδd˜
n˜ + g˜cpgd˜q˜ g˜
amgb˜n˜
)
∂pq˜D
mn˜
+ g˜cpgd˜q˜D
klˆ∂klˆ g˜
apgb˜q˜ ,
(A.7)
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where
∂abˆD
cdˆ =
λ0
2
√
k1k2
(
Kcr;abˆ sˆ(λ, λ−10 )gdˆsˆζˆ′r −N ′cr sˆ
(
δbˆdˆλasˆ + δsˆbˆλadˆ
)
ζˆ′r +N ′cr sˆgdˆsˆ∂abˆζˆ′r
)
,
∂ab˜D
cd˜ = − δb˜
d˜
2
√
k1k2
fcra ζˆ
′r ,
∂abˆ g˜
cd =
∂(1− λλT)−1cd
∂λabˆ
= g˜cm
(
λT
bˆi
δam + λmbˆδai
)
g˜id , (A.8)
∂abˆg
cˆdˆ =
∂(1− λTλ)−1
∂λabˆ
= gcˆmˆ
(
λaiˆδbˆmˆ + λ
T
mˆaδbˆiˆ
)
giˆdˆ .
The g, g˜ and and the N ′ components in the above relations are again given in (3.18),
(3.19), while the K is the one defined bellow (3.20). Of course, we are interested only
in the contribution to γabˆ
cdˆ and γab˜
cd˜, i.e. eqs (A.5) and (A.7), where in (A.7), after
substitution of (A.8), the third copy of the group decouples again.
Notice again that the contributions of (A.4), (A.5) and (A.7) correspond again to block-
diagonal elements of a 9× 9 matrix, while the (A.6) contribution to γab˜cdˆ and γabˆcd˜ is
off-diagonal. If ζˆ′ contained a linear in λ˜ term, then (A.6) would not vanish, implying
a mixing of the two composite operators that are present in the action (2.5), which
would remain even in the λ˜ = 0 limit. However, from the βabˆ of (3.19), it is obvious
that the λ˜ matrix affects the flow of λabˆ at order λ˜
2 and higher. This implies that any
diffeomorphism term, used to cancel the extra flows in the βabˆ block, will be of the
form ζˆ′(λ, λ˜; λ0) = ζˆ′(0)(λ; λ0) +O(λ˜2). Then, in the λ˜ = 0 limit, (A.6) vanishes and
the aforementioned limit indeed acts as a decoupling limit.
Summarizing, the anomalous dimension tensor in the case where diffeomorphisms
need to be included is
(γAB
CD)diff. = γAB
CD +
(
Dif
)
AB
CD , (A.9)
where the components of γAB
CD are the those in (3.21), (3.22) and (3.23), while the
non-zero components of
(
Dif
)
AB
CD are those of (A.4), (A.5) and (A.7).
A final note here concerning diffeomorphisms is the following: The choice of λabˆ ma-
trix can also affect the flows in the βab˜ block and generate new directions. However,
since the choice of λ˜ab˜ does not affect our results in the decoupling limit, this issue is
resolved by choosing a λ˜ matrix with all entries non-zero and independent from each
other. Thus, it suffices for the diffeomorphism ζˆ′ to be such that only the βabˆ flows are
corrected.
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